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A. m e 1  for deceleration of physical motion 
We will limit our study to the types of motion which can be classi- 

f ied as moto-rhythmic, i.e., "rhythmic" in a motoric sense. A moto- 
rhythmic motion is any physical motion which generates impulses whose 
density in time has a direct relationship to the velocity of the motoric 
movement. Examples of such moto-rhythmic motion is, for instance, human 
or animal walking or running, train running or other motions where the 
step-length, i.e., the distance moved for each impulse, can be con- 
sidered to be independent of the velocity and, thus, introduced as a 
constant (c) . 

For such moto-rhythmic motion the relation between velocity (v) ard  
pulsation rate (T) can be written: 

v = c * T  (1) 
(V = velocity (m/sec) , T = tempo (impulses/sec) , 
and c = distance-per-impulse-constant (m/ impulse) ) . 
In analogy with this, the distance (x) as a function of number of 

impulses (n) will be: 

x = c * n  
(x = distance (m) and n = number of pulses) 

If a motion with the initial velocity vo is to come to a complete 
halt (v = 0) in the distance S by a constant (negative) acceleration (a) 
the acceleration is given by: 

The instant velocity (v) as a function of distance (x) from initia- 
tion of deceleration is given by the same equation: 

Cunbining (4) and ( 5 )  gives: 

In order to get an expression of the instant pulse-tempo (T) as a 
function of the preretard tempo (T~) and the distance (x) from beginning 
of deceleration we combinine (1) and (7): 



To complete the analogy with music, we subst i tute  the distances x 
and S with the nu~nber of pulses according t o  relation (2), thus getting: 

where n is the number of pulses since the beginning of retardation and N 

is the to ta l  nurnber of pulses in  the ent i re  deceleration process. 
Finally, expressing the tempo as a function of number of pulses (P) 

l e f t  to the f i n a l  pulse, where the velocity is zero, we  ge t  the "genera- 
lized retardat ion function" : 

The r e s u l t  can be seen i n  Fig. 1. I t  c o n s t i t u t e s  t h e  s imple model 
for  retardation of physical motion which henceforth w i l l  be referred to 
as a "retardation curve" i n  contrast with the measured musical "retard 
curves" to be presented further down. 

Given t h i s  model of rhythrnic deceleration we need to know more of 
the retards we  are going to compare it with. 

B. Anatomy of the musical retard 
In an attempt t o  describe an aspect of musical timing, Sundberg and 

Verrillo analyzed 24 recorded f ina l  retards i n  motor music ,  i.e., music 
dominated by long sequences of sbrt and equal note values. Most of the 
music was composed by J.S. Bach (whose preludes and fugues a r e  good 
examples of such m o t o r  music) and played mainly on the h a p i c o r d .  

In the analysis of the retards the instant tempo (T) w a s  defined as 
the inverse of tone duration. The length of the sl-nrtest note value was 
chosen as duration unit. The durations of the shortest note values w e r e  
measured over a longer period of t ime t o  provide information on t h e  

preretard mean tempo ( T ~ )  i n  which I3e piece was played- 
The retard length was  defined as the number of shortest note values 

from the beginning of the f ina l  sequence, i n  which a l l  notes were played 
slower than the preretard mean tempo, to the onset of the f ina l  chord. 

The inverse of the  tone durations (representing the instant tempo) 
was  plotted according t o  their distance from the f ina l  chord, measured 
i n  number of s h o r t e s t  note values. An example of such a " re ta rd  curve" 
obtained by t h i s  procedure is shown i n  Fig. 2, together  wi th  t h e  nota- 
t ion  of the corresponding l a s t  three measures. 

The retard curves w e r e  normalized with respect to retard length (N) 

and preretard mean tempo (T,). An "average retard" was  calculated from 
the 24 recordings by l inear  interpolation of tempo and computation of 
averages and standard devia t ions  a t  each t e n t h  of t h e  re ta rd .  The 
r e s u l t  can be seen i n  Fig. 3. 

The retard curves were found to exhibit the following characteris- 
tics : 
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t h e  beat  tempo can be assumed t o  be zero a t  t h i s  point ;  how would a 
harpsichord player know when to take the hands off the keyboard, i f  he 

had not a fee l  of (beat) tempo during the f ina l  chord? 
Against t h i s  background it seems p r a c t i c a l  t o  reformulate t h e  

question above: What is the beat tempo a t  the onset of the f ina l  chord? 
This tempo can be estimated using the S&V article: the last par t  of the 
r e t a r d s  was found t o  e x h i b i t  a l i n e a r  decrease i n  tempo and could, 
therefore, be approximated as a s t ra ight  l ine  in a l l  except four of the 
24 re tards .  Its length was defined a s  t h e  p a r t  of the curve where t h e  
d a t a  po in t s  f e l l  c l o s e  t o  t h i s  l i n e ;  i n  ha l f  of t h e  cases it included 
just  three data points, but i n  s o m e  cases up to seven points. 

I f  w e  temporari ly accept  a s t r a i g h t  l i n e  t o  approximate t h e  l a s t  
retard points of the normalized average retard curve, the function TN = 
PN + 0.30 o f f e r s  a good l i n e a r  approximation of t h e  t h r e e  l a s t  points .  
Extrapolation of t h i s  l ine  to the point where PN = 0 suggests the tempo 
t o  be 0.30 a t  t h e  onse t  of t h e  f i n a l  chord, o r ,  i n  o the r  words, 30% of 
the preretard average value. This extrapolated function can be seen i n  
Fig. 5. 

According t o  the reasoning above, a curve describing the decrease 
of beat tempo must be extended beyond the onset of the f ina l  chord and 
assume t h e  value of .3 a t  t h e  onse t  of t h i s  chord. If  w e  modify t h e  
theoretical retardation curve accordingly, t h e  r e t a r d a t i o n  t i m e  w i l l  
increase by 10 %. This modified retardation curve offers a good approxi- 
mation of t h e  r e t a r d  curve. N o t  only does t h e  t h e o r e t i c a l  curve f a l l  
within the one-standard-deviation bar a t  the last point, ht also  do a l l  
predicted values f a l l  within f0.5 standard deviation of the correspond- 
ing mean values. 

The funct ion  s u i t a b l e  t o  descr ibe  t h i s  extended r e t a r d a t i o n  is 
given by: 

TN = J (pN -+ e)/(l +Lj 
( e  = extension = 0.1) 

and can be s tudied  i n  Fig. 5 together  wi th  t h e  mean values and t h e  
standard deviation bars from Fig. 4. 

As t h e  lengthening by 10% r e f e r s  t o  an average curve, it must be 
regarded as a mean value i t se l f ;  t h i s  m e a n s  t ha t  the actual lengthening 
i n  the indiv idual  case  could range from 4 t o  14%, and s t i l l  l i e  wi th in  
the  l i m i t s  of one standard deviation. This, of course, would depend on 
factors such as individual mean tempo, retard length, construction of 
specif ic  retard, etc. 

Before continuing further, it is appropriate to consider the ques- 
t ion  what the "average retard" i n  f ac t  represents. One may argue that i n  
r e a l i t y  t h e r e  is no such th ing  a s  an average re ta rd ;  presumably every 
musically acceptable retard has to be individually designed taking in to  
consideration musical context, instrument properties, room acoustics and 
s o  on. An averaging process obviously d is regards  such indiv idual  con- 







NORMALIZED RETARD TIME 
Fig. 5.  Retardation curve, extended by lo%, canpared with average re- 

tard values (open c i rc les) ,  the l a s t  three points of which 
have been approximated also by a straight line; bars as  in Fig. 3. 
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Fig. 6. Performed retard c a p r e d  with 10% prolonged retardation curve di- 
vided into two parts according to the values given i n  the figure. 
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applicable to  a retard situation. I n  any event, such rules prove the 
need for introducing some sort of measure of expressive deviation. 

A reasonable assumption would be that the performer uses at least 
as big margins for expressive deviations during the retard as during the 
pre-retard performance. This means that such margins skrould be added to 

the retardation curve, and we would then expect that the measures per- 
taining to  individual retards should l i e  within these margins, i f  the 
retardation is  a good model of the retards. To get a realistic estimate 
of margins applicable to each case, the performance of the last few pre- 
retard bars was studied and the measured deviations were expressed in 
relation to  the computed mean tempo. The maximum duration deviations 
were found to be of the order of magnitude of 10-70 msec with an average 
of about 40 msec; this results i n  tempo variations from 4 to 27% of the 
individual average tempo, with 10% as a mean value. 

Another factor of importance i s  the possibility of unintended 
deviations, or, i n  other words, playing errors. Presumably, even the 
most skilled musician makes small unintended variations due to technical 
and psychological factors tut it is difficult to separate intended from 
unintended deviations because of the present lack of tools for predict- 
ing what is intended. However, both unintended and intended variations 
are evidently included i n  the value of the preretard expressive devia- 
tions mentioned above. A modified model, including appropriate margins 
for expressive deviations, shDuld explain the main part of the performed 
durations i n  single retards. 

The method for adapting the beat retard model to single tone retard 
measurements w i l l  thus be: 

I. Chooseanoptional length of the retardation by placing the endpoint 
0-25% beyond the onset of the final chord. (Use the divided retard 
model shown in Fig. 6, i f  implicated by performance and notation.) 

11. Add margins for expressive deviation according to  the maximum 
deviations indicated by prior execution of non-retard performance 
of the same piece. 

An example of such a curve can be seen i n  Fig. 7. 
Applying the above mentioned procedure, the 24 retards i n  the S&V 

study were compared with the model including the expressive deviations. 
The result showed that the model could explain 82% of the performed 
durations. In  two cases the divided retard model was used. 

I n  order to  get an idea of the significance of this result, a 
simpler, alternative model comprising a linear decrease of tempo was 
also tested, applying the same conditions as for the previous model. An 
example is shown i n  the same Fig. 7. The results showed that this 
straight line model could explain no less than 83% of the measured 
durations. However, th is  required that i n  many cases the postulated 
endpoint of the retard had to  be placed 50-100% beyond the onset of the 

final chord. This implies that, for example, the final chord of the 
retard, shown i n  Fig. 7, should be sounding in 3.9 sec, which seems 
unrealistic i n  view of the fast decay of a harpsichDd tone. Moreover, a 
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Fig. 7. Predicted curve for beat retard and straight line retard applied to a normalized performed retard. 
Margins are added for expressive deviation (hatched area and dashed lines, respectively). 
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The authors are indepted to Anders Askenfelt f o r  valuable discus- 
sions . 
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